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Abstract 
In this paper we show that any Rochlin invariant one homology 3-sphere obtained by Dehn 
surgery on a torus knot has infinite order in the homology cobordism group of oriented homology 
3-spheres. 0 1998 Elsevier Science B.V. 
Krywvrds: Homology cobordism; Torus knot; Seiberg-Witten theory 
AMS classijicatinn: 57M25; 57R80 
The Seiberg-Witten gauge theory has led Furuta [5], see also [l], to a proof of the 
IO/S-conjecture saying that if Q is the intersection form of a closed smooth spin 4- 
manifold then 
rankQ 10 
IsignQl > s’ 
Let C = C(p, q. pqm f 1) be a Seifert fibered homology sphere obtained by (- 1 /m)- 
surgery along a (p. q)-torus knot, p, q > 2. We will construct for each odd m > 0 a 
smooth simply-connected 4-manifold with boundary C and even intersection form Q for 
which the inequality above fails. This will imply that neither C nor any of its multiples 
can bound a smooth acyclic 4-manifold. 
This result has been known for C(p, q, pqm - 1) with an arbitrary m > 0, see [4] 
or [7]. It cannot be generalized for C(p, q, pqm + 1) with m even; for instance, both 
C(2,3, 13) and C(2,3,25) are known to bound contractible 4-manifolds [2]. However, 
it still remains unknown if, for example, C(2.3, 12k + l), k 3 3, bound contractible 
4-manifolds. It should also be mentioned that the Rochlin invariant of C(p, q,pqm ZL 1) 
is given as follows. If p and q are both odd, or if one of p or q, say p, is even and 
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q2 = 1 (mod 16), then the Rochlin invariant of C(p: q,pqm f 1) is zero for all m. 
Otherwise it is zero for rn even and one for 771 odd. 
1. The torus knots 
Let (p, q) be a pair of positive relatively prime integers. The right-handed (p, q)-torus 
knot is the closure of the braid (CT, gP_t)q, see Fig. 1. 
One can think about this braid as a right-handed (1 /p)-twist on p strings repeated q 
times. By repeating the (1 /I.‘)-twist 11 times one gets one full twist. We will also use the 
well-known fact that the right-handed (p, q) and (q.p)-torus knots are isotopic. 
The homology 3-spheres C(p. q. pqrn + 1) are obtained by (-l/m)-surgery on the 
right-handed (p. q)-torus knot or, equivalently, by the surgery on the link consisting of an 
unknotted circle with framing m and the O-framed (11. q)-torus knot passing geometrically 
once through the circle, see Fig. 2. Starting with this description, we will construct 
another link such that the 4-manifold obtained by surgery along it still has boundary 
C(p, q. pqm + 1) but its intersection form is isomorphic to aEg @ bH with a > b. Thus if 
any non-trivial multiple of C(p. q. pqm + 1) were to bound a smooth acyclic 4-manifold, 
there would result a closed smooth 4-manifold which violates the y-conjecture. 
Fig. 1. The closure of this braid is the (3,5)-torus knot 
Fig. 2. Homology sphere C(2,3.6m + 1) 
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p strings p strings p strings p strings 
Fig. 3. 
To begin with, we have the following three ways to untwist k full right-handed twists 
on a (p,q)-torus knot, see Fig. 3. 
Notice that all the three operations decrease the framing of the knot by kp2. Now, we 
are ready to describe the construction. 
2. The construction 
Step 1. Let us assume that 0 < p < y. Then we can represent the quotient q/p as 
follows 
- = m 1 + ?!. 4 
1’ 
p lull <Y. 
If p is odd we make n,l /y > 0, then ml is positive, and we untwist ‘m 1 full right-handed 
twists as in Fig. 4. 
If p is even we make rn,l even, then 7121 3 2 and we untwist rr11 full right-handed 
twists as in Fig. 5. Notice that in this case al/p may be negative. 
With this done, we have a link consisting of the (aI, p)-torus knot, Ial 1 < p, and several 
unknotted circles. If n 1 /p < 0, the torus knot is in fact left-handed. Unless nl = +I 1, we 
continue the process. 
Step i + 1. Suppose that we have an (n,, ai_,)-torus knot (we denote p by (LO), with 
ICI, 1 < ~(I,_I I. Then 
OLPl 
~ = m,+l + 
Qi 
F. IQl < 14. 
1 
If Q, is odd we make Q+,/u~ positive, in which case nr,+l may be either positive 
or negative. We untwist IR~+I full right-handed twists as in Figs. 6 and 7 (in case of 
negative VI;+,, the twists are actually left-handed and there are -m7+1 of them). 
In case a, is even, a,_, must be odd, and from the previous step we know that 
Cl-_2 0.1 
~ = mf + - 
ai- a,-1 
and that n2/n7_l > 0. Therefore, nr,+l > 0. We make m;+l even and untwist m7+1 full 
right-handed twists as in Fig. 8. 
We can continue this process until aTI+ = X!Z 1. Algebraically, we have the following 
system of equations: 
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-1 1::::11-;11--, 
-‘a3 
I I I 
ml 
circles 
p strings 
Fig. 4. p is odd. Fig. 5. p is even 
Fig. 6. WL,+~ > 0. 
p strings 
I a ; I strings 
Fig. 7. ml+1 < 0. 
4/p = ml + al/p, 
p/a, = m2 + a2/a1. 
. 
ai-l/ai = mi+i + ai+1 /ai, 
. 
%I/% = m,+l + a,+~lu~~. 
CL,+1 = V&l. 
Geometrically, we end up with a link consisting of an unknot in place of the torus 
knot and several unknotted circles, see Fig. 9. The framing of the unknot is easily seen 
to be --cy where 
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I a ; I strings 
Fig. 8. at is even. 
unknot 
Fig. 9. 
mil 
:-I> 
I I 
unknot / 
L c1 circles 
Fig. 10. 
,.. 
In fact, a can be easily expressed in terms of p and 4. Namely, we multiply the first 
equation above by p2, the second by UT and so on and then add them all together. After 
the cancellations, we have 
o = pq - anan+i. 
In particular, we see that cy > 0. 
Now we blow up the link in Fig. 9 sufficiently many times to get the link shown in 
Fig. 10, and then blow down the unknot with framing - 1. 
We get some complicated link C all whose components are even framed. We need to 
show that the 4-manifold obtained by surgery on L has the desired intersection form. 
3. The estimates 
Let Q be the linking matrix of the link constructed above, and b+ the dimensions 
of its positive/negative eigenspaces. We will show that b+ - 9b_ 3 0. Since Q is the 
intersection form of the 4-manifold obtained by surgery on L, b_ # 0 (if b_ were 
zero we would get a contradiction with the Donaldson’s Theorem [3]), so Q must be 
indefinite. Since Q is even, Q = aE8 c$ bH, Ex being the positive definite Es-form, with 
a = $ (!I+ - b_) and b = b-. The inequality b+ ~ 9b_ 3 0 would then imply that n > b 
which contradicts the T-conjecture. 
The components of C arise in our construction either from untwisting of the torus 
knot, or from blowing it up in the final step. According to this, 
b+ - 9b_ = d, + d2 + + &+, + D. 
as there are (n + 1) steps in untwisting. Now, we have: 
D 3 a ~ 10 = pq - u,u,,+~ - 10 
as at least o ~ 1 components obtained by final blow ups contribute to b+ and at most 
one to b_: 
d, >, -9mi, ‘rn, positive. 
as the number of components contributing to b_ at the ith step is at most m,; and 
d, > -nk, - IO! rn, negative. 
as the number of components contributing to b+ at the ith step is at least Inri( - 1 = 
-m.i - 1, and to b_ at most I. Therefore, to get b+ - 9b_ 3 0 it would suffice to prove 
that 
10 + GQ,+I + 97n1 + 9x +m, + C -(rrIi + 10) < pg, 
where c* stands for summation over ,i = 2. ~ n + I, with mi positive/negative. 
The next step is to estimate frrL,‘s. Since In,,+, 1 < IQ, / for all i = 0. 1~ . n (remember 
that a~ = p), we know that lc1,+11 + I < Inil, so that 
and 
n - i + 2 < l&l < p - i, 
n + 1 < la, I < p ~ I. 
n+2<p=p. 
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Since m, = ai_2/a,_~ - cxI/aL_l, we have that 
and that 
lULlI <4/p+ 1. 
Using the estimate rni < - 1 for negative ‘mi’s and taking into account that 0 < n < p- 2 
we get the estimate 
< lo+p-n+9;+9+9C+ ;;;I; fl +9x-1 
( 1 
n+ I 
< 191p+8n+9;+9CP-n;j-l 
J==2 
n+ I 
= 19+p+ 1772+9;+9(ppn- l)Ef 
j& 
< 18p- 15+9:+9/p- l)ln(p- 1). 
Therefore it would be enough to prove that 
18p- 15+9;+9(~- l)ln(p- 1) <pq 
or equivalently that 
18p-15+9(p-l)ln(p-l)<q p-i 
( 1 
This inequality fails for all pairs (2, q) and (3, q), and otherwise it holds for all but finitely 
many pairs (p. q) with p > 4. To prove the latter we notice that even if we replace q on 
the right-hand side by smaller p + 1, the inequality will hold for all p > 51. For any p 
between 4 and 5 1, the inequality holds for all q greater than or equal to 
18p- 15+9(p- l)ln(p- 1) 
(P-;) 
This leaves us with two infinite series (2, q) and (3> q) plus finitely many pairs (p, q) 
to check. For each of these we use the algorithm described above to construct the link 
l and then check by hands that the inequality b+ - 9bL 3 0 holds. The results are 
described in the section below. 
4. Examples 
The first infinite series of examples we need to check consists of the homology spheres 
C(2,q.2qm+l) withq23andm3 1 odd,Letq=11+4a, a> l.Accordingto 
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q = -I mod 4 
q = I mod 4 
Fig. II. 
-I 
-I 
a circles 
Fig. 12. 
9a-2 circles 
Fig. 13. 
our algorithm, C(2, q> 2~7772 + I ) bounds a 4-manifold X which is a surgery on the link 
obtained from the link in Fig. 11 by blowing down the central circle (with framing ~ 1). 
It is easily seen that the intersection form of the manifold X is isomorphic over the 
integers to c&s @ H, a > 1. 
The other infinite series is C(3. q% 3qm, + 1) with m > 1 odd and q 3 4 rela- 
tively prime to 3. Let q = 1 + 3u, then C(3. q. 3qm + 1) bounds a manifold Y whose 
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Table 1 
P> 9 A 
4,s 3 
4,7 4 
4,9 4 
4,ll 5 
4,13 7 
4,15 8 
4,17 8 
4,19 9 
4,21 11 
4,23 12 
4,25 12 
4,27 13 
4.29 15 
516 3 
5.7 4 
5:8 5 
5.9 6 
5,ll 6 
5,12 7 
5,13 8 
5,14 9 
5,16 9 
5.17 10 
5,18 11 
5,19 12 
5,21 12 
5,23 14 
5,24 15 
5,26 15 
5,27 16 
5,28 17 
5.29 18 
6.7 6 
6,ll 9 
6,13 9 
6:17 12 
6,19 15 
6,23 18 
6,25 18 
6,29 21 
ii7 
z 
1 
1 
2 
2 
1 
1 
2 
2 
1 
1 
2 
2 
1 
2 
3 
3 
2 
3 
4 
4 
3 
3 
5 
5 
4 
6 
6 
5 
6 
7 
7 
3 
1 
1 
2 
3 
1 
1 
2 _ 
Pa9 A 
7,8 6 
7.9 8 
7?10 8 
7,ll 10 
7,12 10 
7,13 12 
7,15 12 
7,16 14 
7,17 14 
7,18 16 
7,19 16 
7,20 18 
7.22 18 
7,23 20 
7,24 20 
7,25 22 
7,26 22 
7,27 24 
7,29 24 
7.31 26 
8,9 9 
8,ll 11 
8.13 13 
8.15 16 
8.17 16 
8.19 19 
8,21 21 
8.23 22 
8,25 25 
9:lO 10 
9,ll 12 
9,13 14 
9,14 16 
9,16 18 
9,17 19 
9,19 20 
9,20 22 
9,22 24 
9,23 26 
9,25 28 
i? 
i 
2 
3 
2 
3 
4 
2 
3 
4 
3 
4 
5 
3 
4 
5 
4 
5 
6 
4 
6 
8 
2 
1 
1 
1 
4 
4 
2 
8 
1 
2 
2 
4 
3 
9 
2 
3 
3 
5 
4 _ 
P, 4 A E P,q A 
9,26 29 10 14,15 27 
10,ll 14 9 14,17 30 
10,13 17 2 14,19 33 
10,17 22 2 14,23 40 
10,19 25 1 14,25 44 
10,21 2.5 1 14,27 49 
10.23 28 4 15,16 28 
lo,27 33 4 15,17 32 
11,12 15 1 15,19 36 
11,13 18 2 15,22 40 
11.14 19 5 15,23 44 
11,15 20 3 15,26 48 
11,16 21 3 15,28 52 
11,17 24 2 16,17 34 
11,18 25 3 16,19 39 
11,19 26 3 16,21 43 
11,20 27 3 16,23 46 
11,21 29 10 16,25 50 
11,23 30 2 16,27 55 
11.24 33 3 17,18 36 
11.25 34 6 17,19 40 
11,26 35 4 17,20 42 
12.13 20 10 17,21 44 
12,17 26 2 17,22 46 
12,19 29 3 17,23 48 
12,23 36 1 17,24 50 
12,25 36 1 17,25 52 
13,14 21 1 17,26 55 
13,15 24 2 17,27 58 
13,16 25 5 17,28 60 
13,17 28 3 l&19 43 
13,18 29 5 l&23 52 
13,19 30 2 l&25 56 
13.20 33 5 19,20 45 
13,21 34 2 19,21 50 
13,22 35 3 19,22 51 
13,23 38 3 19,23 54 
13>24 39 3 19,24 57 
13,25 41 11 19,25 60 
13,27 42 2 19,26 61 
z 
ii 
3 
2 
1 
1 
1 
1 
2 
2 
3 
2 
4 
3 
16 
3 
2 
2 
3 
3 
1 
2 
7 
2 
5 
3 
5 
2 
10 
3 
3 
17 
2 
3 
1 
2 
7 
3 
6 
4 
5 - 
P,q A 
19,27 64 
19,28 65 
19,29 70 
20,21 53 
20,23 57 
20,27 67 
20,29 73 
21,22 55 
21,23 60 
21,25 66 
21,26 67 
21,29 76 
22,23 64 
22,25 69 
22,27 75 
22,29 81 
23,24 66 
23,25 72 
23,26 74 
23,27 78 
23,28 80 
23,29 84 
23,30 86 
24,25 75 
24,29 87 
25,26 78 
25,27 84 
25,28 86 
25,29 90 
26,27 88 
26,29 94 
27,28 91 
27,29 98 
27,31 104 
28,29 102 
28,31 109 
29,30 105 
29,31 112 
30,31 117 
31,32 120 
E 
3 
3 
2 
I8 
8 
2 
2 
1 
2 
3 
5 
5 
19 
8 
3 
2 
1 
2 
9 
2 
7 
2 
5 
!4 
3 
1 
2 
9 
2 
!5 
9 
1 
2 
3 
!6 
9 
1 
2 
!7 
1 _ 
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surgery description is one in Fig. 12 after the central curve (with framing -1) is blown 
down. 
If q = -1 + 3a, a surgery description for the manifold Y is shown in Fig. 13. Again, 
the central curve with framing - 1 should be blown down (note that this curve is in fact 
an unknotted circle). 
In both cases, the intersection form of Y is isomorphic to aEg @ /3H with p 6 a < a, 
which clearly violates the y-conjecture. 
The table below lists the remaining cases not covered by the estimates in Section 3. 
For each pair of relatively prime integers (p! q), the homology sphere C(p, q,pqm + I), 
m 3 1 odd, bounds a smooth 4-manifold with the intersection form aEg 8 bH where 
A < a and b < B, with the values of 4 and B listed in Table 1. One can easily see that 
all these intersection forms violate the y-conjecture. 
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